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Question

Given a contractive representation T of a semigroup P on
B(H). When can we find an “isometric dilation” V in the sense
that there exists a larger Hilbert space K D H so that for all

pE P,

PrV(®)ln =T(p).
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Q@ Sz Nagy dilation theorem states that every contractive
representation T' of N has an isometric dilation.
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Q@ Sz Nagy dilation theorem states that every contractive
representation T' of N has an isometric dilation.

© Ando extended Sz Nagy’s theorem to N2.
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Q@ Sz Nagy dilation theorem states that every contractive
representation T' of N has an isometric dilation.

© Ando extended Sz Nagy’s theorem to N2.

@ However, there exists a contractive representation of N3
that fails to have isometric dilation.
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@ Sz.Nagy dilation theorem states that every contractive
representation T' of N has an isometric dilation.

© Ando extended Sz Nagy’s theorem to N2.

@ However, there exists a contractive representation of N3
that fails to have isometric dilation.

Question

Any other type of dilation?
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An isometric dilation (W;) for (T;) is called x-reqular if it has
an additional property that for any n € ZF,

T = Pyt W,

Here, nt = max{n,0} and n~ = max{—n, 0}.

Theorem (Brehmer 1961)

A family of commuting contractions Ty, --- , Ty (i.e. a
contractive representation of N¥) has a x-reqular dilation if and
only if for any J C {1,2,--- [k},

> (1)U T(ey)T(er)* > 0.

ucJ

| A

N
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For k=2, let T1,T5 be two commuting contractions. Brehmer’s
condition is equivalent to

I — T1T1* = T2T2* aF TlTQ(TlTQ)* > 0.

This condition is stronger than Ando’s dilation, and *-regular
dilation is also stronger than isometric dilation.

Our study focus on *-regular dilation on semigroups.
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Example

Given a lattice ordered group (G, P), every element g € G has a
unique decomposition g = g—* g+- In this case, it is fairly
straightforward to extend reqular dilation by saying

V: P — B(K) is a x-regular dilation for T if for all g € G,

T(9:)T*(9-) = PuV*(9-)V (914
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However, lattice order condition is very restrictive. It does not
contain many interesting examples of semigroups (free
semigroup, Artin-type monoids, etc.). Nevertheless, we were
able to characterize x-regular dilation on graph product of N,
which is an important class of quasi-lattice ordered semigroup.

Theorem (L. 2017)

Let T be a contractive representation of graph product of N.
Then the following are equivalent:

Q T has a x-reqular dilation;
© T has a minimal isometric Nica-covariant dilation;
@ For every finite W C V,

> ()Pl >o.

UCW
U 1is a clique

Here, Ty = HveU T,.
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Definition

Given a unital semigroup P inside a group G, P defines a
partial order < by x <y when z~'y € P. (G, P) is called
quasi-lattice ordered if for any finite subset F C G with an
upper bound, F' has a least upper bound. We denote the least
upper bound by VF'.

Definition

Given a quasi-lattice ordered group (G, P), an isometric
representation V : P — B(H) is called isometric Nica-covariant

if for any p,q € P,

| \

VipVvq)V(pVaq)*,pVq# oo

V)V () V(V(e)" = {0 PV =00

\
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Definition

A semigroup P s called a right LCM semigroup if it’s
left-cancellative and for any p,q € P, either pP N qP = () or
pP NgP =rP for somer € P. Here, r may not be unique. We

denote
pVqg={r:rP=pPnNqP}.

It is clear that when r,s € pV q, v = su for some unit u.

Definition

Given a right LCM semigroup P, an isometric representation
V i P — B(H) is called isometric Nica-covariant if for any
p,q € P,

| A

V(r)V(r),repvq#0

Vp)V(p) ' V(eV(e)" = {o pVa=0

N
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We can ‘reverse engineer’ a definition of x-regular dilation from
Nica-covariance.

We say a contractive representation I’ of a right LCM
semigroup is *-reqular if it has an isometric dilation V so that
for allp,q € P,

T(p~'r)T (¢ 'r)* = PV (p)*V(q)|n.

Here, by convention, when pV q =0,

0= PyV(p)*V(q)|n-
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Theorem (L.)

The following are equivalent

Q T is x-reqular
@ T has a minimal isometric Nica-covariant dilation

@ For any finite F C P, pick sy € VU for each U C F, we
have

Z(F)=>_ (-)UT(s)T(sp)* > 0.
UCF
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Lemma

Suppose F' = {p1a,p2,--- ,pn}. Denote

Fl = {pl:p27"'7pn}
F2 = {a7p1_1(p1vp2)""7p1_1(p1vpn)}

Then Z(F) = Z(Fy ) + T(p1)Z(F2)T(p1)*. Moreover, Z(F) > 0
if Z(F1), Z(F2) > 0




Suppose P has descending chain condition for <,. Let Py, be
the set of minimal elements. Suppose a set P, satisfies
o P, min C P 0

@ For all x € P,,;, and y € Py with x V y # oo,
Yz Vy) € R.

DA
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Suppose P has descending chain condition for <,. Let P;, be
the set of minimal elements. Suppose a set Py satisfies

o PminCPO

@ Forall z € P, and y € Py with x V y # oo,
r Nz Vy) €R.

Theorem (L.)
The following are equivalent:

e Z(F) >0 for all finite F C P.
o Z(F) >0 for all finite F C Py.




*-regular dilation LCM Semigroup and Nica-covariance Main Result Examples Graph Products
000000 (o] [elele] } (o] 0000

Suppose P has descending chain condition for <,. Let P;, be
the set of minimal elements. Suppose a set Py satisfies

Q@ Phnin CH
@ Forall z € P, and y € Py with x V y # oo,
r Nz Vy) €R.
Theorem (L.)
The following are equivalent:
e Z(F) >0 for all finite F C P.
o Z(F) >0 for all finite F C Py.

Moreover, if P is an Ore semigroup, under ‘some extra
assumption’, these are equivalent to

e Z(F) >0 for all finite F' C Ppip.
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When P = N", our theorem coincides with Brehmer’s theorem.
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When P = N™, our theorem coincides with Brehmer’s theorem.

When P =T\, our theorem states T is *-reqular if and only if

n’
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When P = N™, our theorem coincides with Brehmer’s theorem.

Example
When P =T

~, our theorem states T' is x-reqular if and only if

i=1

This is no other than the well-known Frazho-Bunce-Popescu
dilation of row contractions into row isometries.




Our result applies to a number of ‘nicely-generated’ semigroups:

@ The Thompson’s F* = (zg, 21, |Tn¥r = TpTpi1, kb < n) .
We can take Py be the set of generators.

DA
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Our result applies to a number of ‘nicely-generated’ semigroups:
@ The Thompson’s F* = (zg, 21, - |[2pTr = Tpxpt1,k < n).
We can take Py be the set of generators.
@ The Baumslag-Solitar monoid B, 4 which is the monoid
generated by a,b with the relation ab® = b%a. We can take
Py = {b,a,ba,--- b9 ta}.
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Our result applies to a number of ‘nicely-generated’ semigroups:
@ The Thompson’s F* = (zg, 21, - |[2pTr = Tpxpt1,k < n).
We can take Py be the set of generators.
@ The Baumslag-Solitar monoid B, 4 which is the monoid
generated by a,b with the relation ab® = b%a. We can take
Py = {b,a,ba,--- b9 ta}.
@ The semigroup N x N* where

(x,a)(y,b) = (z + qy, ab).
We can take Py = {(1,1), (4,p) : p prime, 0 < i < p}.
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Our result applies to a number of ‘nicely-generated’ semigroups:
@ The Thompson’s F* = (zg, 21, - |[2pTr = Tpxpt1,k < n).
We can take Py be the set of generators.
@ The Baumslag-Solitar monoid B, 4 which is the monoid
generated by a,b with the relation ab® = b%a. We can take
Py = {b,a,ba,--- b9 ta}.
@ The semigroup N x N* where

(z,a)(y,b) = (z + qy,ab).

We can take Py = {(1,1), (i,p) : p prime,0 < i < p}.
@ For all finite type Artin monoids AJ\+/[, it suffices to check
Pin, which is the set of generators.
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Our result applies to a number of ‘nicely-generated’ semigroups:
@ The Thompson’s F* = (zg, 21, - |[2pTr = Tpxpt1,k < n).
We can take Py be the set of generators.
@ The Baumslag-Solitar monoid B, 4 which is the monoid
generated by a,b with the relation ab® = b%a. We can take
Py = {b,a,ba,--- b9 ta}.
@ The semigroup N x N* where

(z,a)(y,b) = (z + qy,ab).

We can take Py = {(1,1), (i,p) : p prime,0 < i < p}.
@ For all finite type Artin monoids AJ\+/[, it suffices to check
P, which is the set of generators.

Bf = (e1,e2 : erese; = eseres). T is x-regular if and only if

I — TlTl* = TQTQ* aF TlTQTITfT;Tf > 0.




*-regular dilation LCM Semigroup and Nica-covariance Main Result Examples Graph Products
000000 [e]e) 0000 (o] @000

Let I' = (V, E) be a countable simple undirected graph. Suppose
P = (P,)yev is a countable collection of right LCM semigroups.
The graph product I'ycy P, is the semigroup defined by taking
the free product *,cyv P, modulo the relation p € P, commutes
with q € P, whenever (u,v) is an edge in the graph T'.

Theorem (Fountain, Kambites, 2009)

Let P, be a collection of right LCM semigroups. Then their
graph product T'ycv P, is also right LCM.
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Theorem (L.)

Let Pr be a graph product of a collection of right LCM
smeigroups (Py)vey, and T : Pr — B(H) be a contractive
representation. Then the following are equivalent:

@ For every finite set F C Pr, Z(F) > 0.
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Theorem (L.)

Let Pr be a graph product of a collection of right LCM
smeigroups (Py)vey, and T : Pr — B(H) be a contractive
representation. Then the following are equivalent:

@ For every finite set F C Pr, Z(F) > 0.
Q For every finite set e ¢ F C | ey Po, Z(F) > 0.
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Example

If we take P, =N for all v, it is clear that P, has the
descending chain property and the only minimal element is its
generator e,. This recovers our earlier result of *-reqular
dilation on graph products of N.

| \

Example

If the graph is a complete graph, the graph product becomes a
direct product. We say two representation T, T, *x-commute if
Ty (p) *-commute with each T,(q) for allp € P,,q € P, (u #v).
As a corollary of our main result, graph product of x-commuting
x-reqular representation of right LCM semigroups are also
x-reqular.
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